MATHEMATICS TRIGONOMETRY

( Trigonometry I]
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| TRIGONOMETRY
rntroductlon

The word * trigonometry’ is derived from the Greek roots .. ‘tri’ means ‘three’ ; ‘gonia’
eans ‘an angle’ ; and metron’ means ‘ meaning ‘ measure’. Thus ‘trigopnometry’ means three

ngle measure. It is analytical study of a three angled geometric figure -- namely the triangle.

Hipparchus ( 140BC ) , a Greek mathematician established the relationshipss

etween the sides and angles of a triangle. Greek trigonomentry was further developed by
indu Mathematicians. They replaced the chords used by the Greeks by half chords of circles
ith given radii i.e ., the equivalent of our sine functions. The earliest such tables are in
iddantas ( systems of Astronomy ) of the 4th and 5th centuries A.D. Like numbers, modern
rigonometry migreted from the Hindus to Europe via Arabs.

The study of trigometry is of great importance in several fields - for example : in
urverying, Astronomy, Navigation and Engineering. In recent times, trigonometry is widely
pplied in many branches of Science and Engineering such as Seismology, design of electri-
al circuits, estimating the heights of tides in ocean etc.,

VA
efinition of Sing , cos g, tan g and their reciprocals (for0 < g < 5 )
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| We shall now learn the relations existing between the sides and angles of a right |
}angled triangle. I
| Consider the coordinate axes OX and QY in a plane. With O as the centre, construct I
| a circle of raduis r. Let the terminal side of an acute 4 |
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:angle @ intersect the circle at P ( x,y ) as shown P(x,y)

in figure . Draw a perpendicular PN from P to OX.
I‘I’hen ON is the projection of OP on OX y

|From figure note that ON = x ,NP =y and OP =r ¢ ) a4

X N X
\.PON =6 , ZPNO =90’
}-Ience A PNO is aright angled triangle.

v

P
«
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MATHEMATICS TRIGONOMETRY
I

I’I’he following six ratios of the sides relate the angle g as

| NP side oppositeto & _ y

Ibln =op = hypotenuse r

| NP _ sideadjacentto6 _ x
ICOS 0= op hypotenuse r

I NP _ sideoppositeto6 _ y

| @an 0=oN ~ side adjacentto® x

I OP _ Hypotenuse _r
| COSeC 0= NP sideoppositetod  y
I OP _ Hypotenuse _r
Isec 0= NP  sideoppositetod x

| _ sideadjacent to 0 x
}:Ot O= NP~ side opposite to e ¥

OTE:
For 4 =0, we know that - is the reciprocal ( multiplicative inverse ) of a, since

1 r
a - =1 ( multiplicative identity ). Since sin@ X cosecg = %X ; =1, cosecg

is the reciprocal of sin @ and vice - versa. Similarly the two ratios sec@ and cotg are
the reciprocals of cos g and tan @ respectively.

1

Hence cosecg = —— ; secg = and cotg = ——
0 sin & 0 cos 0 tan &

Since the six trigonometrical ratios discussed above represent the ratios of sides of a
right angled triangle, they are all real numbers.
The values of the six trigonometrical ratios discussed above are indepedent of the

ST T T T T T T T T T Z2 T

length of the radius vector op . They are dependent only on the magnitude or
measure of the angle.

The six trigonometrical ratios are defined with respect to a certain angle g . Hence
sine, cosine, tangent, etc., by themselves do not have any meaning. They are
meaningful only when they associated with an angle like g .

[ T T T T T
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MATHEMATICS TRIGONOMETRY

Fehaviour of trigonometric functions sing,cos 9 and tang as @ changes from 0°. 90° |

Ii.e ., 0%i.e., <H<90° |
I

Ibase (i): Forg = 90° v
| Let OX be the initial position of 4
the rotating line. Take any point P on this

;ine at a distance r units form the origin. Then

he coordinates of the point Pare (r, @). From
Fig note that OP makes an angle 9=0°

Il/vith the X - axis. This means that x=randy = 0.

0,0
I Then by definition. (0.0) (r.0)
| 0 r 0

|

|

|

|

Bin g=sin0° = r_0
I r

r

9 o
r

X r

Cos 9=cos0°=7=;=1; tang = tan0° =

| ror

fosecg = csec0®= — = 0 ( This ratio is not defined )
r r

kecg = seco° = ;=;=1

X

oty = cot 0° = ; = 6( This ratio is also not defined )

I A

Y
X

c c

M M
d g = 60°
6 anda g or 3

Ipase(ii) : For g = 30°or
: To obtain the values of trigonometrical ratios of g = 2a 5 2a
B0° and 60°, consider the quailateral triangle ABC of side 2a.
Ii)raw the perpendicular AD from the vertex Ato BC . Then

IAD bisects side BC and the angle A

| 60° ] 60°
I - BD=DC=3 /BAD=sCAD=30" ° @ P €

| We know that the height of an equilateral triangle with side 2a is equal to aﬁ .
I‘I’hen from the right angled A ADB.
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MATHEMATICS TRIGONOMETRY

opp.Side _BD _a 1

|
I
i 0= - = =_
: Sin30 Hyp  AB 2a 2
I c 300_adj.side:DA:a\/§:£
: ST "mw 4B 2a 2
| opp.side BD a 2
| tan30°= — <., = = =—
| adj.Side AD a3 3
: 300= 22 =2, 3017 =7~ and , oot 30°= A2 =3
| cosec30°= o =27 sec30° 5= 7z and, co = 2D
I
AD a3 3 BD a 1
I i 0 =0 = 0 —m — — — —
| 00 T e 2 cos60” HE T 2
I
AD 3 AB 2
: tan60° = 2D - =43; cosec 60° = A—=$
a
| 0= 28 3, B 1
| sec 60°= =2 cot 60° =~ - NG

Fase (iii): For g = 45°or 7:

| To obtain the values of the six

trigonometrical ratios corresponding to

:9 = 45° Consider the A ABC with AB=BC=a and

| /B = 90° . Then it follows that /4 = /C = 45°.
rom pythogorous theorem.

|nB2 + BC2=AC2 and

I
AC = JAB* + BC* =a 2
I

vensingso= A8 - 2 _ L.
:ensm _AC_a\/E_\/E’
4B _ _a 1;tan45°=B—C—g:1

bosds® == == 15 153
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MATHEMATICS TRIGONOMETRY
I
A
|Cosec450 = A—Cz av2 =\/5;sec45° :£: ay2 =\/§;cot45° :_:£=1
BC a B a BC a

I
|Note: Observe here that instead of considering /4 = @=45°, if we consider /(C = 9= 45°,
|we get same values for all the six ratios considered above.

|
| 7
Icase(iv): For g = 90° or 5

| Let the rotating line OP now make an angle @ = 90° with the x - axis OX. Then |
lop will be along the Y - axis ( infact OP overlaps on y - axis ) as shown in the figure . Since pl
lies on Y - axis and OP = r, coordinates of P are ( 0,r ). Observe here that as P moves to-
lwards Y-axis and lies exactly on Y-axis, y=r and x=0.

: SinceOY=0P-=r, sin90° = Y_r v
I r r A
7T P(O,r)
x 0
|cos 90°= —=—=0; tan90°= 2_r
r r x 0
: . ( undefined )
0= —=—= 1
ICosecQO v r
I r r .
[sec90° = >0 ( undefined )
0,0
| og
x 0
lcot 90°= 5 = > =0

f (-@ ) for all the values of ‘g9’

sin (-9 ) =-sing;
cos (-@ ) = cosg;
tan (-@) = -tan g;

cos and sec values.

cosec (-g) = -cosecg
sec (-9 )= sec@
cot(-@) = -cotg

sign will change for sin, cosec, tan and cot values. There is no change in
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MATHEMATICS TRIGONOMETRY

If ‘g’ liesin Q,, Q,, Q,, Q, quadrants, then the sign of trigonometric ratios are as
follows:

I I
I I
:" Trigonometric function of complementary angles: :
:1. Consider a right angled triangle ABC, right angled at B. Let /4 = ¢ then :
| Z/C =(90-0) From the diagram. |
I I
| c |
I 90°- I
| ’ |
I I
I I
I I
| B o |
| sing= 2C no0-0)= 22 |
| ing= e sin(90-9) = e |
| AB BC |
: cos 9=A—C cos(90-9) = 1c :
| g2 ans0-0)2 22 |
: ang = 1B an(90-¢9) = BC :
| _ 4c 00.g) A€ |
: cosec@ = BC cosec(90-9) 1B :
| AC AC |
| sec@ = B sec (90-9) = BC |
| a5 e |
| cotg = BC cot(90-9) = 1B |
From the above results, |
: sin(90-9) = cos g, cosec(90-9) = secg :
| cos(90-9) = sin g, sec (90-g9) = cosecg |
| tan(90-9) = cotg, cot(90-g) =tang |
R. Sign of Trigonometric Ratios. [
I I
I I
I I
I I
I I
I I
I I
I I
I |

|
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MATHEMATICS TRIGONOMETRY
Y-axis
Q; Q,
(90°)< 6 <180°) 0°< @ <90°)
sind and cosec @ are positive All ratios are positive
X- axis

, Q; . Q,
180°< @ < 270°) 270°< 0 <360°)

tan @ and cot @ are positive cos@ and sec @ are positive

ote:
00, 90°. 180°, 2700, 360°. ....oveeeeeeeeeeeeie e are called quadrant angles.
With the phrase All Silver Tea Cups we can remember the sign of trigometric ratios

o find the values of trigonometric functions of any angle;

Quadrant Q Q Q; Q

Tr.Ratios 0°- ¢ 90° + ¢ 180°- @ 180° +0 270°-6 270°+0 360°- 0
Sin +cosé +cosé +sing -sind -cosé -cos ¢ -sin@

Cos +sind -sind -cosd -cosd -sind +sind +cos
Tan +oot ¢ -cotd -tfané +tang +cotd -oot@ tan@

Cot +tano -tano -coto +coto +an o -tano -cotd

Sec +coseco -cosecd -secd -secé -cosecd +cosec +seco
Cosec +seco +secd +cosecd -cosecd -seco -seco -cosecd

ote:

I I

1. For 0° 0° +0,180° + 0,360" + @, there is no change in the trigonometric ratios.

2. 90" +0,270° + 4, the change in the trigonometric ratios is as follows:

sin <> €os, tan <> cot, Sec <> cosec
3. Whether we get + or - sign in the answer, it should be decided by considering the
quadrant in which the angle (n.360° + @) lies.
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MATHEMATICS TRIGONOMETRY

: TRIGONOMETRY IDENTITIES

ntroduction:The equations which are satisfied by all valuesof ‘ g’ are called trigometric

dentities. We shall establish some basic trigonometric identities and use them to draw some
pseful results.

dentity 1: |Sin’0 +cos’0=1/ VO e R

Consider a right angled triangle ABC, with /B =90°and /CAB =6

: . BC AB
From diagram, sing = E’COSGZA_C

B A

T - - - - - - - -

rom pythagoras therom, AB? + BC? = AC?
ividing both sides with AC?, we get
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|
AB® BC? AC? |
I
I
I
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+ =

AC?*  AC* AcC?

(AB jz (BCJZ
AC AC

(COSOY +(SINGY =1

N o I

fdentity II:
r:rom the first identity (C0s¢9)2 +(Sz'm9)2 =1

Dividing both sides with ¢os2 9 ,

|
l/ve ot Sin’0 N cos’d 1
g cos’@ cos’@ cos’é

(Smejz ( 1 jz
+1=

cosd cost
(tan 49)2 +1=(se(:0)2

tan’ @+1=sec’ @ or sec’fd—tan’d =1
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MATHEMATICS

TRIGONOMETRY

rdentity l:
From the first identify ~ sin” §+cos® #=1
Pividing both sides with *gin2 g,
| t sin@ cos’d 1
e ge =
|W g sin*@ sin*@ sin’* @

| 1+cot’> @=cosec’d

| cosec’d— cot’ O=1
USUAL FORMULAE FROM IDENTITIES:
sin” @+cos” 6=1

sin®@ =1- cos* @ Cos*’0=1-sin* 0

sin@ =+4/1— cos” @ Costi\/l—sinze

sec’ @—tan’> 6=1

sec’@=1—tan’ @ tan’ @=sec’> 61

secf= +,/l—tan’ @ tan@ = ++/sec’ 6—1
(secO+tand )(secf—tand )=1

1

secl0+tanf=———
secd—tan @

cosec’@— cot’ O=1

1+cot> @=cosec’d cot’ @=cosec’d—1
cosecﬁzim cotﬁzim
(cosect+cot §)(cosechd —cot ) =1

1
(cosecd—cotd)

(cosech +cotd)=
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MATHEMATICS TRIGONOMETRY

I
I
Fadian:- A radian is the angle subtended at the centre of a circle by an arc equal
in length to the radius of the circle.
Circular system of angles
1 revolution = 25 radians = 360°
n radians = 180°

T
1 degree (1°) = ——= radians = 0.0172 radians

180 o

1 radian (1 ):T degrees = 57°17 44.8
Sexagesimal system of angles Centesimal system of angles
1rt angle = 90 degrees (90°) 1rt angle = 1 0 O
grades (1009)
1 degree = 60 minutes (60") 1 grade =
100 minutes (100"
1 minute = 60 seconds (60”) 1 minute = 100 seconds
(100

Degrees 0° 30° 45°60° 90°120°135°150°180°210°225°240°270°300°
315°330° 360°

Radian 0 ~ X T R gZm 3 Om Jr 5w 4m 3m Smo Tm
adian 6 4 3 2 3 4.6/ 6 a4 3 2 3 4
Some standard angles:- Note:- n . d — not defined
T.Ratio oo 30° 450 60° 90° 180° 270° 360°
1 13
sin© 0 E ﬁ 7 1 0 -1 0
V3oL
cos0 1 > 1 2 0 -1 0 1
1
tan 0 0 N 1 Y3 nd 0 nd 0
2
cosecH n.d 2 \/5 ﬁ 1 n.d -1 n.d
2
secO 1 B 22 nd -1 nd 1
1
cotO n.d \/5 1 ﬁ 0 n.d 0 n.d

I
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I
I
I
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I
I
I
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I
I
I
I
I
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|

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
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I
11n |
I
I
I
I
I
I
I
I
I
I
I
I
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I
I
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I
I
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I
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|
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MATHEMATICS TRIGONOMETRY

FUNDAMENTAL IDENTITIES:-

sin© cos0 1
,cot0=——, cosecO=——, secOH= ,cot0=
cos 0 sin 0 sin 0 cos0 tan O

i) tanO=

i) sin?0+cos’0=1—sin*0=1-cos’*0,cos’O=1-sin’O
i) 1+tan* 0 =sec’ 0 —» sec>O—tan” 0 =1, (sec O+ tan O) (sec 0 —tan 0) = 1

I'r iV) 1+cot’ 0 =cosec’® — cosec’0—cot’ 0 =1, (cosecO +cot 0) (cosecO—cot0) =1
he signs of Trigonometric functions:-

F 3

- +] L+, +)
sind >0, cosecd 20 All positive
others negative

F'y
¥

M- -1 M +-]
tan & » Qcotd >0 cosd »0,5ec > 0
others negative athers negative

roblems:

5
In a right angled triangle A ABC /B = 90°and tan 4 = E then

find (i) cosA (i) cosecA - cotA
Find the value of
(i) sin?30° + cos? 30° (ii) sec? 45° —tan®45° (iii) cosec® 60° —cot* 60°

A Pole 10 mts along rests slantly againt a vertical wall AB making ¢(°with the hori
zontal line (Ground). Find how far is the foot of the pole from the wall.

.Ina AABC. |4=60° /B = 30° show that
(i) sin(4+ B)=sin Acos B+ cos Asin B
(i) cos(A+ B) =cos Acos B—sin Asin B
If 4 =30°then show that
(i) sin24 =2sin Acos 4
(i) cos24 =cos* A—sin® 4
2tan 4
I—-tan’ 4

o

(iii) tan2A4 =
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MATHEMATICS TRIGONOMETRY

9
Ina,if sin A= T thenfind (i) cosA (ii) tanA (iii) cosec?d —cot® A

1 1
If tan(A-B) = ﬁ sin B= ﬁ find B in circular measure

T T T
find the value of 32 cot’ Z —8sec’ 3 +8cot’ E

An equilateral triangleis inscribed in a circle of radius 6 cms. Find its sides.

cos@ 1-siné@

XTI oW T TN T o T

1)0 2) 1 3) cosA 4) cosC

I

I

I

I

I

I

I

I

I

I

I

= I

0. Show that osind  cosd I
m+n |

1. If sec 9= m then find the value of sing :
MCQs: I
:1. secA+tan A =3 =secA = :
[ 10 5 2 4 [
I 1) 3 2) 3 3) 3 4) 3 I
P. secO—tan0=3= 0 lies in the quadrant I
| I 2)11 3) III 4) IV |
I I
B. sin6=%:sec6+tan9: |
| e |
I . a—b 5 a+b 3 ab 4 ab I
: ) a+b ) a—-b ) a’+b’ ) a+b :
A tan20° +tan40° + tan 60° +.....+ tan180° = |
[ 1) 0 2) 1 3) 2 4) 3 [
:5- 3[sinx —cosx]* +6[sinx +cosx]* + 4[sin’ x +cos® x]= :
I 1) 3 2) 6 3) 4 4) 13 I
I I
B.  cos(40° +0)+cos(120° +0) +cos(220° + 0) + cos(300° +0) = I
I 1) 3 2) 2 3) 1 4) 0 |
I , I
:7_ tanO:—ZEZ;Z:Z,sinoc—cosazksine then k = :
: 1)1 2) 3 3) 2 4) 1/2 :
| 3A+2B+C A-C |
B. A, B, C are the angles of a triangle ABC= Cos(fjﬁL COS(TJZ I
I I
I I
I |
|
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MATHEMATICS TRIGONOMETRY

I
b cotO+cosecO—1

cot@—cosecO+1

1 1-cos© 5 sin O 1+cos6 1-sin6
1) sin 0 ) 1+cosB sin cosO
sin? a +sin? i +sin? E +sin® ﬂ
18 9 18 9 _
10 » T » T 277[ 247[
cos —8+cos —~ 408" — +cos ry
1)1 2) 2 3) 3 4) 4

T T 3n 4n 5n 6n
11. 14+cos—+cos— +cos—+cos—+cos— +cos— =
7 7 7 7 7

1) 0 2)1 3) 2 4) 3
12. (sina+coseca)’ +(seca+cosa)’ =k +tan® o+ cot’ o, = k =
1) 9 2) 7 3) 5 4) 3

13. If @ is notin 4th quadrant

tan0=-4/3=5sin0+10cosO +9secO+16cosecO+4cotO =
1) -1 2) 2/5 3) 4/5 4) 0

T ) 3
14. If 5<9<7t and Sln9=g, then the ascending order of sin®, cos0, tan0 is

5sin9—3cos€}_

15. If g lies in the first quadrant and 5tan@d =4, then { Sind < 2cos0

5 3 1
1)ﬁ 2)ﬁ 3)ﬁ 4) 0

sin(—660") tan(1050°) sec(— 420°)

16. = 05(225%) cosec(315°) cos(510°)
V3 V3 2 4
1) X2 2y 2 3) = 4) —=
) 4 ) > )\/g )\/g

tan 245° + tan335°

17. tan25°=p= -
P tan 205° —tan115°

pz—l p2+1 l—p2 1+p2
1) = 2) 2 3) 2 _n?
p’+1 p’ -1 l+p I-p
18. a, =cos"a+sin"a=2a,—-3a, =
1)0 2) -1 3) 3 4) 4

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: 1) cos0,sin0,tan® 2) cosO, tan O, sin O 3)sin0, cos0,tan04) sinO, tan O, cosO
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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=
©

1) 3 2) 2 3) 1 4) -1
| IX - CLASS 14 Powered by logicalclass.com

I
sin0, +sin 0, +sin0B, =3 = cosO, +cos O, +cos0, = |
I 1) 0 2) 1 3) 2 4) 3 I
IZO. 5sinx+4cosx =3=4sinx—5cosx = I
| 14 2) a2 3) 342 4) 2 |
I21- 8sin’x +3cos’ x =5 = cotx = I
I 1)iL Z)J_rL 3)i\/§4)i\/§ I
| V2 V3 2 3 |
I I
FZ. If tan(a+ﬁ):\/§, tan(a—P) =1 then tan6p = :
| 1) -1 2)0 3) 1 4) 2 |
R3. IFABCDis a cydic quadrilateral then |
| cos(180° + A) + cos(180° — B) + cos(180° — C) —sin(90° — D) = |
I 1) -1 2)0 3) 1 4) 2 I
:24. If cos6=k(0<k<1) and g does not lie in the first quadrant, then tano = :
gy K 2) 5 gy VK
I K JV1-K2 J1+K2 k I
I25. If asecO+btan® =c then (atan 0+ bsecH)’ = I
| 1) a?+b% +¢? 2) —a’ +b%+c? 3) a2 -b%+c? 4) a?+b* —¢? |
I I
£6. cos’1°+cos’ 2% +cos>3% +.... + cos? 90° = I
| ®
| 1) 0 2) 1 3) 45 4) > |
11n |
7. If 9=?,then cosO+sinf = I
I I
| 1 V3+1 2) NER 3) J3-1 2) J3+1 |
: NG 2 2 2 :
I I
8 tnf=—L 0<<op = OS¢ O-sec’O I
I2 ' J5° cosec’d +sec’ 0 I
| 2 3 1 5 |
I 1) - 2) = 3) = 4) — I
3 2 3 6
I I
I29. (1+sin 4)(1+sin B)(1+sinC)=(1-sin 4) (1-sin B) (1-sinC)=k =k = :
| 1) +sin AsinBsinC 2) +cos AcosBcosC |
I 3) +sec Asec BsecC 4) =+ cosec A cosecB cosecC |
I30- tan’@ +secd =5 = sec = :
| |
|




MATHEMATICS TRIGONOMETRY
| |
:31. 10g(tan18°)+log(tan36°)+log(tan54°)+log(tan72°): :
| 1) log4 2) log3 3) log2 4) logl |
| _ N |
B2. The value of cotza(sewf 1j+secza(sma lj is |
| l1+sino 1+seca |
| 1)0 2) 1 3) 2 4) -2 |
| |
B3. secA-tanA=4=tanA = |
ol = o R
| ) 8 ) 8 ) 8 ) 8 |
B4. secA—tanA=5=sinA= |
6 6 12 o2
D3 ) 713 )13 ) 713 I
:35. cosecA —cot A =5= cosecA = |
ENE gt » AZ FRERE
| ) 13 )3 )13 )73 :
:36. cosecA—cotA=6=cotA = |
o2 12 J3s RO
| ) 35 ) 735 0 T |
| 2 |
B7. cosecA+c0tA=§:>cosA: |
| |
: )13 ) )13 )73 :
:38. cosecH—cotO=5=0 lies in the quadrant :
|1l 2) 11 3) 111 4) IV |
| |
| . |
sina = = seco —tano =
I39 X2+y2 :
| X—y X+y Xy Xy |
| 1) X+y 2) X—y 3) x> +y° 4) X+y |
| |
lho. sinx= 22pq2 = cosecx +Ccot X = |
| P +q |
| o) o) |
p q p q
| 1) — 2) 3) — 4) — |
| q p q p |
| |
| |
| |
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